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14.1 Gauss-Markov Model

Consider the linear dynamical system (without an input)

Tir1 = Atl’t + Gtwt, (141&)
Yy = Ctl't + Uy, (141b)

where z; € IR"™ is the system state, y; € IR™ is the output, w; € IR™ is a noise term acting
on the system dynamics known as process noise, and v; € IR™ is a measurement noise term.

Assumptions: (i) [E[w;] = 0 and [E[v;] = 0 for all t € IN| (ii) g, (w;)¢ and (v); are mutually
independent random variables', (iii) w; and v; are normally distributed and E[w,w;] = Qy,

[E[v,v]] = R;. Lastly, xq is a random variable and (iv) zq ~ N (Zg, Py).
As an example, consider the system

Ter = [ 05 038] w1 + wy, (14.2)
where wy ~ N ([3],[549 993]), and the initial condition:

wo ~ N ([ 7], [8283]) - (14.3)

The evolution of the system states — which are random variables — starting from the above
initial condition is illustrated in Figure 14.1.

For the system in Equation (14.1), define Z; = IE[x,]; then,

Tip1 = Bl ] = Bl + Guwy] = AdE[xy] = Ay, (14.4)
Define P, = Var[z;|. Then,

Py =1E :($t+1 — Tp41) (T4 — ft+1)T]

= IE (Atl’t + Gtwt — Atit)(Atl't + Gtwt — Atjft)T]

=IE|(Alz; — &) + Gowy) (Ag(zy — T4) + Gtwt)T:|

=1 At(l't — .fd(l’t — i't)TAz + 2At<l‘t - i‘t)szz + Gtwtw;G;}
— A, PA + G.QC. (14.5)

!therefore, IE[w,w]] = 0 for ¢ # [, and E[v,v]] = 0 for ¢ # [
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Figure 14.1: Ilustration of the Gauss-Markov model

Exercise 1 (s#). For simplicity, assume that A, = A, B, = B, G; = G and Q; = @ for all
t € IN. Determine the covariance matrix P; := Cov(zy, ;) for t,1 € IN, as a function of P,
A G, Q, tandl.

JIVEIT]

Exercise 2 (ss®). Show that the random process (x;); is a Markov process, i.e.,

pxt_,_l\xo,xl ..... Tt ('Z‘t—f—l | Loy Lyyee- 7xt) = pxt+1\xt (xt-‘rl | It)? (146)

but (y;); is not necessarily Markovian®. More generally, for 0 < tq < t; < ... < t;, < t, show
that

pxt+1\zt0 3Tt g 5 er Ty (xt-i-l | Ltgs Ltyy - - - 7xtk) = pxt+1|dftk (J7t+1 | xtk)' (147)

Exercise 3 (ss). Consider the following dynamical system

Tepr = [ Y@+ [§]we, (14.8a)
yi=[11]2 + vy, (14.8Db)
where w; ~ N (0,1), vy ~ N(0,5) and xg ~ N ([3],[% 5]). Write a Python or MATLAB

SCI‘ipt to determine L%QO’ P20 = ]E[(Igo — jgo)(Igo — 5320)1'] and COV(LUQO, I’50).

2It suffices to show that IE[ys | 1] is not the same as IE[ys | yo, y1].

!
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Exercise 4 (sese). [lmportant] Consider a dynamical system of the form z, = Ax; + wy,
where w; is a time-uncorrelated random variable with zero mean (not necessarily normally
distributed) and the pdf of w; is a function p,,. Let us denote the conditional density

function of x4, given x; by py, ., |2,; then show that?

p$t+1\$t (xt+1 ’ xt) = pwt<xt+1 - Axt) (149)

3Hint: to show that two pfds are equal, you may show that the corresponding cdfs are equal (why?) —

the latter is easier.


Pantelis Sopasakis
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14.2 Kalman Filter

The random variables xy and y, are jointly normal with IE[zo] = Zo, E[ye] = E[Coxo + vo] =

CoZo. The variance of xq is Var[zg] = Fy. The variance of yq is
Var[yo] = Val"[C[)l'o + Uo] = COP006 + Ro. (1410)
The covariance of xy with yq is

Cov(zg,yo) = IE

[( ) 7
= ]E[(.To — i‘o)(Coxo —+ vg — Ooj'o)T]
= E[(wo — T0)(Co(wo — T0) + v0)7]
= ]E[(IL’O — jo)(.ﬁo — Li’o)TC(T) + ($0 — Li’o)U(T)] = P()C(T) (1411)
Therefore,
Lol (| T | PG . (14.12)
Yo CoZo CoPy CoPyCj+ Ry

Suppose we measure yo. What is xy given y,? Since (xg,yo) is jointly normally distributed
as in Equation (14.12), ¢ | yo is normally distributed. We may define the estimator Zo|y :=
IE[zo | o], which is*

oo = To + PoCY(CoPyCF + Ro) ™ (yo — Codo), (14.13)
and the estimator variance, X := Var|zg | yo], which is”

S0 = Py — Ry CY(CoPyCy + Ro) ' Co Py (14.14)
Having observed yq at ¢ = 0 we want to estimate x;; we compute @1)g := IE[z; | yo] which is

Z1j0 = AoZojo- (14.15)
The estimator variance, ¥19 = Var[z; | yo, is

Y0 = Ao Al + GoQoGy. (14.16)

4See Handout 11, Theorem 11.1 (conditioning of multivariate normals)
°See Handout 11, Section 11.3.1 (multivariate normal distributions).
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The output at t = 1 given the observation of g, is expected to be

U1j0 = Efy: | yo] = C1Z1)0, (14.17)
and its (conditional) variance is

Varly | yo] = C1%410CT + Ry, (14.18)

(can you see why?) and the covariance between x; and y;, conditional on vy, is

Cov(zi,y1 | yo) == E[(z1 — Z1)(y1 — 71)" | yo] = E10CT. (14.19)
Overall,
7 X Y10CT
T o~ N £C1A|o : 1]0 11041 . (14.20)
(1 Ciip|  |C1210 CiXpCl + Ry
Once we obtain a measurement y,
Z1n = Elz1 | Yo, y1] = 10 + T1j0CT(C1Z10CT + R1) "' (y1 — Chdipo), (14.21a)
Y1 = Varlzy | yo, y1] = B10 — S1CT(C1E10CT + Ry) ™ CiEy)0. (14.21b)

Kalman Filter Equations:

Ty = Top—1 + Sep—1CT(CrEy 1 CF + R) "y — CiZyje—1)

Measurement update )
i Vi = Sgppm1 — Lap—1CT(C 2l -1 CF + Ry) 7' Oy Xy

Tip1t = Atxt|t

Time update
| B = A A + GG

Toj—1 = Zo
o1 = Fo

Initial conditions

Note that we have defined: (i) 2y, = E[2; | yo,y1,- -, e, (1) Teqape = Elweyr | vo, Y1, - - - 1),
(iii) Xy == Var(ze | Yo, Y1, - - -, Y], and (iv) Sy = Var(ze | Yo, y1, - -5 ¥l

A

Exercise 5 (sespsr). Derive the Kalman filter equations for the dynamical system

Tiy1 = Atl’t + Btut + Gtwt,
yr = Cyry + Dyuy + vy,
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where u; is a control signal that can be observed and wy, v; and x( are as before.
Exercise 6 (#). Implement the Kalman filter for the following dynamical system
Tpp1 = Xy + Wy, (14.22a)
yr = [1 2] @+ vy, (14.22b)
where 7; € R?, y; € R, w; ~ N(0,1), v; ~ N(0,5), zo ~ N (5,100).

Remarks: The covariance matrices are updated according to
Yipp = A1 A + AXip 1 CF (CeXy -1 CF + Rt)_lctzﬂtflA; + G1QiG, (14.23)

which is a Riccati recursion! We know that the Riccati recursion — under certain assump-
tions® — converges to a steady-state matrix Yo, i.e., Yiy1e — 00 as t — o0o. The covariance
matrices can be computed without the need to obtain any system data (independent of ;).
The state estimates are essentially conditional expectations As such, the Kalman filter is the

“best” we can achieve (minimum conditional variance estimator).

CExercise 7 (). What are these assumptions?
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14.3 Application: GPS positioning system

14.3.1 Problem Statement and Kalman Filter

The initial position, xg, of a vehicle is inexactly known: zo ~ N(0,100). The velocity of the
vehicle, uy, is approximately 10m/s in the following sense u; ~ N(10,8). The position of the
vehicle can be measured using a GPS system every h = 0.05s using a sensor with additive

noise v; ~ N (0,15). The dynamics of the position of the vehicle is

Tir1 = T + hut, (1424&)
Yo = Ty + Uy (14.24b)

However, u; is not a zero-mean random variable!

The velocity can be written as u; = 4y + wy, where 4; = 10 /s and w; ~ N (0,8). Since @, is

constant, Uy = Uz, SO

[xt“] = [(1) ZL] [xt] + m w;. (14.25)

L 1l
A Tt G

The state of the system is &; = (2, uy) with
zo ~ N ([{],['8°3])-

The output of the system is y; = [1 0] &; + v;. Overall, the system is in the form of Equation
(14.1), where
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Figure 14.2: (Left) Estimated positions, Zy;—1 (3), 2y (¢) and the unknown true position
(o). The vertical bars show the +302-intervals around the estimated positions. (Right) Joint

distribution of (z1,4;) and a measurement y; = 8.64.
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Figure 14.3: Estimated positions, Z;;—1 (0), #;; (¢) and the unknown true position (o).
We observe that one new data becomes available, the variance of the estimated position

decreases. We also see that ¥, ), converges to a finite variance and that in this example the

estimation error is very small.
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14.3.2 Intermittent measurements

Suppose we obtain measurements at ¢ = 0,1,...,%;, but then the connection to the GPS
breaks so we have no measurements from ¢; + 1 to t, — 1. At time ¢y the connection is
recovered. In that case, we can still apply the Kalman filter by applying only time update

steps when we do not have measurements. This is illustrated in Figure 14.4.

20 i
+ Connection Lost!

10 + :
q 1
.9 :
Zz orp B0
O 1
A ;
—10 | |

_20 I : I I I I I J

0 2 4 6 8 10 12 14

Time instant, ¢

Figure 14.4: The connection is lost at t; = 2 and there are no measurements from time 3 to

time 7; then, at to = 8, the connection to the GPS is recovered (not shown here). Meanwhile,

we compute the estimates 3, ..., Zg2 and variances Y, . .., Xgj2.
20 : :
! Connection Lost! ! Connection Recovered
10 | § :
.S : B P 29, Xgp
oo .
@] 1 1
- ! !
—10 : :
_20 | : | | : | | J
0 2 4 6 8 10 12 14

Time instant, ¢

Figure 14.5: The connection is recovered at time t, = 8; subsequently, we can keep inter-

leaving time and measurement update steps.
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14.4 The KF is BLUE

In this section we will drop the normality assumptions. The Kalman filter is a linear (affine’)
estimator. By combining the measurement and time updates of the Kalman filter, we can
see that

Topap = A1+ K (g — Ciliggen), (14.26)
system dynamics prediction error

where K; = A3, 1C](Cy X1 CF + R;)~!. The Kalman filter is an affine filter. It is in fact
the “best” affine filter (will explain). Recall that, by definition, ;11 = IE[zi1 | Yo, - -, Y4,

therefore, the KF' is unbiased, i.e.,

E[it-i-l‘t — $t+1] = ]E[IE[LUt.;.l | yo, e 7yt] — $t+1] = O (1427)

The conditional expectation of a random variable X given Y = y minimises the following

function®

flzy) =E[IX -2l [V =y]. (14.28)
This means that

FEX Y =yliy) < f(zy), (14.29)

for all estimators z(y). Moreover, define the function F(z;y) = IE[(X —2)(X —2)" | Y = y].
Then,

F(EX |Y =yly) < F(zy), (14.30)

However, IE[X | Y = y| can be difficult to determine (without the normality assumption);

in general, it is a nonlinear function of y.
Question: What is the best linear (affine) estimator we can construct?

Suppose that X and Y are jointly distributed. Then the best (minimum variance) estimator
of X given Y =y is [E[X | Y = y|. What is the best affine estimator?

Problem statement: Without assuming that X and Y are (jointly) normally distributed,

suppose we are looking for estimators of the form )A((y) = Ay +0, i.e., affine estimators. We

7Often the Kalman Filter is said to be “linear,” but it is in fact an “affine” one.
8See Handout 12, Minimum Variance Estimation Theorem.
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seek to determine A = A* and b = b* so that )A((y) = A*y + b* is the best affine estimator,

i.e., the best estimator among all affine ones, i.e.,

E [IX — A%+ b7] < E[IX ~ Ay + ], (14.31)
for any A and b, and its conditional counterpart

E[[|X - Ay +0)* Y =y] SE[|X - (Ay+b)|* Y =y],

also holds for any A and b.

Theorem 14.1 (KF is BLUE) Suppose that (X,Y') are jointly distributed with means

[E[X] = m,, E[Y]| =m, and covariance matriz

Z(l‘fl' El'
Var [ﬂ - vl (14.32)
Eyaf Zyy

with ¥, >~ 0. The best affine estimator of X given 'Y is )A((Y) = A*Y + b* with
A* =%, and b =m, — A*m,. (14.33)

Yy

In particular, T& [||X — XWM)|?| <E[|X = (AY +b)||3], for any parameters A and b.

Remarks: The estimator can be written as X (Y) = my, + A*(Y — my). The Kalman filter
is the best affine filter in the sense that it minimises the mean square error, IE[|X — X||].
Theorem 14.1 does not require that X or Y be Gaussian. We can prove a similar result for
the covariance matrix E[(X — )A()(X — )A()T] (guess what...). Later we will show that KF is
the best affine filter.

Before the Proof. We will use the following observations: for an n-dimensional random

variable Z:
E[||Z]|?] = E[Z"Z] = Eltrace(ZZ")] = trace [E[ZZ7]. (14.34)
Secondly, Var[Z] = IE[ZZ ] — IE[Z]IE[Z], so IE[ZZ "] = Var[Z] + IE[Z]IE[Z]", therefore,

IE[|| Z|?] = traceE[ZZ ] = trace Var[Z] + trace (IE[Z]IE[Z]") . (14.35)
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Note also that [E[X — AY — b] = m, — Am,, — b.
Proof: It is
E[||X — AY —b|’] = trace Var[X — AY — b] + trace(IE[X — AY —b](-)7)
= trace Var[X — AY — b] + ||m, — Am,, — b|]?, (14.36)
where

Var(X — AY —b) = E[(X —m, — AY —my))(-)7]
= E[(X —mg)(X —my,)"] + B[AY —my)(Y —m,) A7]
— A(Y —my)[E[X —m,]" — E[X —m,[(Y —m,) A"
= Ygp + ABy AT — ABy, — gy AT, (14.37)

therefore,
E[|| X — AY —b|’] = trace Sy, + AS, A" — AS,, — Sy AT] + ||m, — Amy, —b|]*. (14.38)
Now observe that
(A— ExyE;yl)Zyy(A — ZIyE;;)T =AY AT = Y AT — AY . + nyZ;;Zyx. (14.39)
The mean square error can be written as

E[| X — AY —b|]’] = trace[S. — Yoy X, Syl
I independent of A and b I

+ trace[(A — $gy B, )8y, (A — S0y X, )] + |lme — Amy, — bl>. (14.40)

All terms are nonnegative. The term >, — Zmyﬁy_ylEym is the Schur complement of ¥, so it
is positive semidefinite. The first term is independent of A and b. The second term can be

made 0 by taking A = ExyZ;; and the third term vanishes if we take b = m, — Am,,. |

Exercise 8 (). Suppose that (X,Y) are jointly distributed with means E[X] = m,,

[E[Y] = m, and covariance matrix

E$Z’ ECU
Var [i} = “I1, (14.41)
ny Eyy

with ¥,, > 0. Showthat the best affine estimator of X given Y is X (Y) = A*Y + b* with

A* =%, and b = m, — A*m,, (14.42)

Yy
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in the sense that

(X - X)X - K(u))7| < BIX — Ay — b)(X — Ay — b)), (14.43)
for any parameters A and b.
Hint: follow the steps of the proof of the theorem we just stated, omitting the trace.

Exercise 9 [Estimator bias and variance] (#). Show that the best linear estimator, X (V) =
A*Y + b, with

AY=35,,5

b* =m, — A*m,,.
is unbiased, i.e., IE[X — )?(Y)] = 0 and its variance (the variance of the estimator error,
X - X(Y))is

Var[X — X (V)] = Zpp — 845,15,

Assumptions: xo, (wy); and (v;); are mutually independent random variables (not necessarily
Gaussian) with IE[w,] = 0, E[v,] = 0, [E[zo] = Z¢, and Var|w| = Q;, Var|v)] = Ry, Var[z] =
Py. Then (zg,yo) is jointly distributed with mean

E | = | ™| (14.44)
Yo CoZo
and variance-covariance matrix
P, P,CT
Var | 0 oo (14.45)
Yo CoPy CoFPyCj + Ry

By the BAE Theorem, the best affine estimator of zy given yjq is

i’o(y(]) = :1?0 + P006(00P006 =+ Ro)il(yo — Coj’o). (1446)
and the error covariance is

Var[xo — .ﬁifo(yo)] = P(] — P006(00P006 + Ro)_lcopo. (1447)

These are the same formulas as in the Kalman filter!

We can easily show recursively that the Kalman filter is the Best (minimum variance, minimal

covariance matrix) Linear (actually affine) Unbiased Estimator (BLUE). “Best linear” means

that it is the best among all linear estimators — however, there may be some nonlinear
estimator that leads to a lower variance. Without the normality assumption, the

Kalman filter is not a minimum variance estimator.
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14.5 Bayesian Interpretation

We will give an alternative interpretation and derivation of the Kalman filter equations.
We will first describe the maximum a posteriori (MAP) Bayesian estimation methodology.
This will be the basis for the Moving Horizon Estimation methodology that is applicable to

nonlinear and constrained systems.

14.5.1 Interlude: Maximum Likelihood Estimation

Suppose a random variable Y has a pdf py (-; ), that depends parametrically on a (scalar or
vector) 6. Note that 6 is treated as an unknown, but deterministic (not random) parameter
and we do not assume that we have some prior information about it. For example, if
Y ~ N(p,0?), the parameter vector of the distribution of Y is = (u, 0?). Having obtained

some independent samples, yy = (y;)~,, from this distribution, the objective is to estimate 6.

Let us give a few examples. A coin has probability p to land heads and 1—p to land tails. We
toss it IV times. How can we estimate p from our observations? The number of customers
entering a store every day is known to follow the Poisson distribution with parameter .
We observe and record the total number of customers on N different days. How can be
estimate A7 The wealth of people in society can be modelled by the Pareto distribution with
parameters « and x,,. We randomly select a sample of N people and record their wealth.
How can we estimate o and z,,7 What is the most likely value of these parameters given
the observed data? In general, a parameter € © needs to be estimated from independent
samples y;, i = 1,..., N that follow the same distribution with pdf p( - ;0)

Suppose that the random variables yy = (y;), are samples generated by a probability
distribution with density p( - ;0), there § € © is a parameter from a parameter space ©.
Define the likelihood function of 6 given yy as

L(0;yn) = p(yn; 0). (14.48)
The maximum likelihood estimate of 0 is

Do € argmax L(0; yn). (14.49)
0co

It is often convenient to work with the log-likelihood function

U(0;yn) = log L(0; yn), (14.50)
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with the convention log 0 = —oo. In terms of the the log-likelihood function,

0.1 € argmax £(0; yy).
2e)

If y1,...,yn are independent, then

N

LO:yn) = plyni0) = ] [ pluii0) = 60, yn) = 3 _logp(yis0).

=1

Example. Suppose that the samples vy, . ..
2

(14.51)

(14.52)

,yn are independent and follow the univariate

normal distribution with an unknown mean po and unknown variance oj. The parameter

we want to estimate is 0 = (i, 0?) and © = IR x [0, 00).

The maximum likelihood estimate is

0 e argmax £(0;y1,...,yn),
[ISS)

where

N

(O oam) = 3 tox e |-

i=1

In order to determine the maximum, we differentiate with respect to pu and o2

0 1| &
—0(0;yy, ... = —  — N
alu ( y Y1, )yN) 0_2 lzzl Yi M] )

9 1 o (yi — 1)
5520y yn) = 55 (ZT_N :

=1

By setting the derivatives equal to zero and solving for 4 and o? we find that

(14.53)

(14.54)

(14.55a)

(14.55b)

(14.56a)

(14.56b)
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Note that the estimate [i (of pg) is unbiased

Eli] =E [% Z yi] = flo, (14.57)

2

But the estimate 62 (of 02) is not unbiased since’

N -1
E[6°] = N os, (14.58)

nevertheless, 62 is asymptotically unbiased since E[6?] — o2 as N — oo.
Exercise 10 (#). (i) Show that the maximum value of the likelihood given in Equation
(14.54) is
R N L
00) = — 3(1 + log(2m6)). (14.59)
(i) Show that the Hessian of ¢ at 6 = (ji, 52) is negative semidefinite, therefore, indeed the
maximum of ¢ is attained at 6.

Exercise 11 (#). Show that for the MAP estimates /i and 6% given in the previous slide,

we have
E[4] = po, (14.60a)
N-—-1
E[6%] = Tag. (14.60Db)

Exercise 12 [Exponential distribution| (#). The exponential distribution with parameter
A>0is

plz; N) = Ae M1 o0 (2), (14.61)

where 1jg.oy() = 1 for z > 0 and 1) (2) = 0 otherwise. Determine the max likelihood

estimate of A given a set of independent samples 1, ..., xy. Spoilers: you should find that

N
Zﬁil i

A= : (14.62)

Show that this estimator is not unbiased.

9See Exercise 11
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14.5.2 Maximum a posteriori Estimation

In maximum likelihood estimation (MLE) we treated 6 as non-random parameter. In max-
imum a posteriori estimation (MAPE) we treat 6 as a random variable for which there is

some known prior, p(f).

The posterior distribution of 6, given some observation z, becomes'’

p(x [ 0)p(0) _ plz | 0)p(d) p(z | 0)p(0)
p0|z) = = = . 14.63
Ol =) = o p@.6)d0 ~ T pla [0)p(6)d8 .
Note that the denominator does not depend on #, so we can write
p(0 | z) o< p(z | 0)p(0), (14.64)

where the symbol “o” means “proportional to”!!.

The maxzimum a posteriori estimate consists in estimating # by maximising the posterior
distribution, p(@ | x), that is

émap( ) € argmaxp(f | x) = argmax p(x | 0)p(0). (14.65)
0cO 9co
Example. Suppose that zy,...,xx are independent samples that follow the univariate

normal distribution, A (u, 0?), with some known variance o? and unknown mean p.

We will treat y as a random variable. We assume that p ~ N (po, 07). Then,

fimap € argmaxp(u | zy,...,zx) = argmaxp(z, ..., 2y | u)p(p)

W W
_ 1 (1 — po)? (@i —p)?
= arg?axmexp 202 H\/We P 552
o
p(p) (1, TN |1t) |

N
(1 — p10)®
= argmax —————
L 202 ;

202

After some algebraic manipulations we may find that

N
. o U2M0 + 03 Zizl €
map 2 2
No +o
"By Bayes rule: p(0 | z)p(x) = p(x | 0)p(0)
YThis means that p(6 | x) = C(x)p(z | )p(6), where the constant C(x), which does not depend on 6, is

C(x) = p(x)~
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Another Example:'? Let X be a real-valued continuous random variable with pdf
px () = 62(1 — 2)1p1(2), (14.66)

where 1pq(z) = 1 for € [0,1] and 1p(z) = 0 otherwise. Suppose that Y is another

real-valued random variable and Y | X = x ~ Geometric(z), i.e.,
pyix(y | z) =zl —x)" " (14.67)

The objectives are to (i) determine a MAP estimate of X given Y = 2, and (ii) determine

the MAP estimate of X given Y = y [the second one is left to you as an exercise].

The posterior distribution of X given Y =y is

pxpy (7 | y) o< pyix(y | 2)px(z)
=z(l—z)? " 62(1 — 2)lp ()
o 2*(1 — z)1p y(z), (14.68)

and its logarithm is
logpxy(z | y) = 2log(x) + ylog(1 — ) + const,
defined for z € [0,1]"?. The MAP estimate of X given Y = 2 is determined by

Znvap(2) € argmax 2log(z) + 2log(l — z) = L.
z€[0,1]

Estimation from noisy measurements: Suppose X ~ N(0,0%), N ~ N(0,0%) are
independent and Y = X + N. We measure Y and need to estimate X.

Minimum variance estimation: We have shown that
2
oxYy
2 2
oy + oy

Trve (y) = E[X [ Y = y] =
Mazximum likelihood estimation. Tt is (X |Y =y) =y — N ~ (y,0%) and

Tmie(y) € argmaxpxy (z | y)

= argmax 1 exp —M =Y
oNV2m 20%; '

12Credit: This is based on Problem 1 in https://www.probabilitycourse.com/chapter9/9_2_0_ch_

probs.php.
13 Alternatively, we can write log px|y (¢ | y) = 2log(x) + ylog(1 — x) + const — o 1] (), where §(o,1) is the
indicator function of (0,1), i.e., §,1)(x) = 0 for € (0,1) and §(g,1)(x) = oo for z ¢ (0, 1)


https://www.probabilitycourse.com/chapter9/9_2_0_ch_probs.php
https://www.probabilitycourse.com/chapter9/9_2_0_ch_probs.php

©® ——

14-20 Handout 14: Kalman Filter

Mazimum a posteriori estimation. The MAP estimate is

. (y —x)? o oky
mape € = - = .
Lmap (y) arginaXpYLX(y | I)pX (ZE) arginax |: 20]2\7 + 203{ 0_;{ + 0]2\7
Overall,
Method | Estimate, Z(y) Notes
MVE | Zpmve(y) = % Unbiased, minimum variance
X N
MLE Tmie(y) =y Ignores distr of X (prior)
MAPE | Zmap(y) = 0202% Same as MVE (in this case)
X N
14.5.3 KF is a recursive MAP estimator
Consider the dynamical system
Ti41 = AfEt + Wy, (1469&)
yr = Cxy + vy, (14.69b)

where w; ~ N (0, Q) is time-independent, v; ~ N(0, R) is time-independent, w; is indepen-

dent of v; and zg ~ N (Zg, Py) is independent of wy and vg'.

P, (W) X exp [—%Hw”é_l] , (14.70a)

P (V) o exp [—1[Jv][%-1] (14.70b)

Pao (To) X €xp [—% |xo — f()”?”(?l] : (14.70c¢)
Given a set of measurements v, ¥, ..., yn_1 we need to estimate xg, x1,...,Ty.

In Exercises we will state a number of important results that will be essential to develop the

Bayesian interpretation of the Kalman filter. There are good candidates for the final exam.

Exercise 13 (sw). Let V € IN. Use the properties of the conditional density function to

show that
N

p(o, v, - un) = pwo) [ [ pwe | o), (14.71)

t=1

"Recall the notation [|wl|g, , == w Q@ w.
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where yo: = (Yo, .- .,¥;). How can we determine p(yy) if we have p(yo,...,yn)?

Exercise 14 (s#). Use the properties of the conditional density function and the Marko- !
vianity of (x;); to show that for any N € IN

N-1
p(zo, 1, ..., xN) = p(xo) | | Puw (i1 — Axy). (14.72)
=0
How can we determine p(xy) if we have p(xq,...,xn)?
Exercise 15 (ses#). Show that for all N € IN !
0, if not x4 = Az + wy,
p(ﬂj’g,...,.fEN,wg,...,wN_l): No1 )
Pao(@0) [ [,=y Pw,(we), otherwise
Exercise 16 (sew). Use Bayes rule to show that |

N-1
p(x(b -5 IN | Yo, - - YN- 1 X pzo LU(] H pvt CZCt pwt ('rtJrl - Axt) (1473)
t=0

where N € IN. How can we determine p(zo | yo, ..., ¥yn—1) in terms of p,,(zo), pv, (v —
Cxy), and py, (v¢41 — Axy) for t € INyg y_17?

From Exercise 16 the log-likelihood is (omitting the constant term)

10%]9(%; co o IN | Yo, - - - 73/N—1)

= log s, (20) + Zlogpvt — Cxy) +10g pu, (2141 — Amy)

N-1

= — %HJ}O - .fo||l2pof1 + Z _Hyt - Cxt”é—l - H«Tt—i-l - A«TtHéfl- (1474)

t=0
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Using the result of this exercise, we have the MAP estimate

(it)flf)l = argmax p(zg,...,Tn_1 | Yo, --,YN)
LOyerry TN —1
= argmax 1ng($07 <oy TN-1 | Yo, - - - ayN>
L0, TN _1
N-1
= argmax —1i|jzo — EOH?_.,O_l + Z —|lye — Czel|}=r — || T2 — Axt||22_1
LOyery TN —1 t=0
N-1
= argmin §llzo = Zolp 1 + Y Iy — Cxillfs + llzess — Azl (14.75)
L0, TN _1 =0

In fact we can write it as

N-1
(#)i%' = argmin  gllzo — Zollhs + D fllvellior + gllwrlp (14.76)
wos N1, =0
V0, UN—1,
mt+1=A:Et+wt,t€]N[0’N_1]
ytzcxt-i-vt,tE]N[o’N]
We need to solve the problem
N-1
minimise 3lleo — 2ol s + 3 2llenlas + 22 (14.77a)
WO,y WN —1, t=0
VQy---yUN —1
subject to: x4 = Az +wy, t € Ny n_1j, (14.77D)
yr = Cxy + vy, t € WNig ny, (14.77¢)

which is akin to a linear-quadratic optimal control problem. Key difference: arrival cost

instead of terminal cost and the initial condition is not fixed. The problem can be written

as follows:
N-1
minimise 3]lzo — Zol}1 + D Sllye — Czellfmr + 5llwellfps, (14.78a)
WO,y WN—1 L ] t=0 |
Leq (20) Ly (zt,wi)
subject to: x4 = Axy +wy,t € Njg n_q). (14.78Db)

This is known as the full information estimation problem.

e

Exercise 17 (ses). An alternative way to state the estimation problem is to use the

result of Exercise 15 and consider the posterior distribution of g, ...,xN,wo, ..., wy_1
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given the measurements v, ...,yy_1. Define xo.y = (zo,...,xy) and, likewise, wo.y_1 =
(wo, ..., wyn—-1). Show that
P($0;N7 Wo:N—1 | yo;N—1) X P($0;N7w0:N—1)P(yO:N—1 | To:N, wO:N—l)a (14-793)
where
N-1 N-1
Pon—1 | zon, won—1) = [ ] Puetoran W | 2iswt) = ] poc(yr — Co). (14.79b)
t=0 t=0

Derive the full information state estimation problem (for the estimation of zy.ny and wo.y_1

given yo.y_1) using Equation (14.79). Use the convention log ) = —oo.

14.5.4 Forward DP Solution

The estimation problem becomes

N-1

minimise £, (xg) + Z Ci(g,wy), (14.80a)
X0,y TN —1 =0
subject to: w1 = Axy +wy, t € Ny y_yj. (14.80b)

We apply the DP procedure in a forward fashion:

N-1
G- g, {tatan + o
wo,j»,u,)zv—l t=0

Tiy1 = Al’t =+ Wy,
t € N n—_1]

= min min {gflfo (.1'0) + go(.ﬁlﬁ'o, U)o) ‘ T = A.CI?[) + wo}
L1y TN To,wo
W1y WN —1 L |

Vi (w1)

Tir1 = A.Tt + Wy,
t€ Ny n_y

N-1
-+ Z €t<xt, U}t)
t=1

(14.81)

= min g
L {Vl 5U1 ft iBt,wt

W1, WN —1

Tp1 = Axy + wy,
t€ Ny n_y
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The forward dynamic programming procedure can be written as

Vo (20) = Lay (o), (14.82a)
Via(@e) = min {V7 (@) + bz, we) [ 201 = Az + wi (14.82D)
V¥ = min V3§ (zy). (14.82¢)

TN

We shall prove that the solution of this problem yields the Kalman filter!

Remark. The MAP estimation approach can be also applied when (i) the involved random
variables are not normally distributed, (ii) the dynamics is nonlinear, (iii) the system is
constrained (e.g., we know that z;, € X'), (iv) the disturbances are bounded (e.g., w; € W,
Ve € V)

14.5.5 The Kalman Filter as a Forward DP*

To show that Equations (14.82) yield the Kalman Filter, we need two lemmata. Firstly,

Woodbury’s matrix inversion lemma which we state without a proof (see also Handout 4).

Lemma 14.2 (Woodbury matrix identity) The following holds

S+ucv)yt=st-stuycCct+vstu)ytvs (14.83)

Secondly, we state and prove the following lemma.

Lemma 14.3 (Factorisation of sum of quadratics) Let Q1 € S7,, @, € ST, F €
R™™ beIR™. Define

q(x) = 3llz = Tl + 5l1Fz = bllgs- (14.84)

Then for all x € IR™,

q(z) = 3llz — 2*[[f-2 +c, (14.85)
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where

=1+ QF"'STH(b— Fx), (14.86a)
W=0Q,—QiF'ST'FQ;, (14.86b)

c=L|Fz — bl|3, (14.86¢)

and where S = Qo + FQFT. Moreover,

x* = argming(z), and ming(x) = c. (14.87)

T

Before we give the proof, recall the following very useful identity which holds for ¢ € S
V (5lAz = b]3) = A"Q(Az - b). (14.88)

Proof: Since ¢ is a convex quadratic function, it has a minimiser, z*, which satisfies

Vq(z*) = 0. The idea is that we can use Taylor’s expansion to write ¢ as follows
q(z) = q(=") + Va(@") (z — 2") + 3llz — 2" S2gar)
= q(a") + 3l — 2| B2g o), (14.89)

It suffices to determine z*, ¢(z*) and VZq(x*). Let us first determine z*: we have Vq(r) =
Qi (xr — )+ F'Qy ' (Fx — b), and we need to solve Vq(z*) = 0, that is

Q' (z* —7)+ F'Q; (Fx* — b) = 0, (14.90)
from which
= QU+ FIQy )TN Q T+ FQy )
=T+ (@ FQ F) Qe+ FTQy b — (QT 4 FQ, ' F)x)
=T+ Q7+ F'Qy'F)T F'Qy ' (b— Fx)
and now we apply Woodbury’s matrix identity (Lemma 14.2) to the term (Q;' +FrQ, ' F) ™!

=7+ (Q1 — QF(Qy+ FQF) 'FQ,)F'Q;' (b — Fx)

=T+ QuF" |1 —(Qx+ FQUF) " FQ1F"| Qy' (b — F1)
s 5@

=T+ QF'ST(b— Fx), (14.91)
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(see Equation (14.86a)). Next, let us determine g(x*)

a(a*) = 3la* — 2l + S Fe bl

2 2

= Q. F S~ (b - F.@)‘ . + U Fz b+ FQF'S7'(b— F2) .
1 -1 Nk 1 -1 N
=5 ||Q1F"S(b— FT) o +3 (I — FQLF™S ) (b— Fx) o
2 2
= Q. F'S™'(b - Fz) ot 51 (1= (S=Q2)57Y) (b— Fx) o
1 2
2 2
=s|QErs - o)+ Qs o ng)H B
1 2
=1(b—Fz) ST FQF'S™'(b— Fz)i(b— F2)"S7'Q:57' (b — FZ)
=1(b—Fz) S HFQ1F"+ Q5)S™'(b— Fz)
e — |
S
=i(b—Fz)S ' (b—FI)=c. (14.92)
Lastly, it is easy to see that
Vi(r) = Q' + F1Qy'F = W, (14.93)
where the second equality is due to Lemma 14.2. This completes the proof. ]
We shall now apply Lemma 14.3 to the case of the Kalman filter.
Proposition 14.4 (MAPE = KF) Suppose that
Uz (%0) = 3llz0 — Toll 1, (14.94a)
ft(.’Bt, wt) == %Hyt - Cl‘t”%%fl + %||wt||2Qf1 (149413)
Then, the procedure of Equation (14.82) yields the KF equations.

Indeed, the first step in the forward DP is

Vii(z1) = glg}) {Vi (o) + lo(xo, wo) | ®1 = Axo+ wp}
= min {%Hﬂ?o - 530||§a(;1 + 51190 = Col[7-1 + Sllwoll B | 21 = Azo + wo}

= min {4z = Zoll3, 1 + $llyo — Crollfos + dllar — Avolla ) (14.95)
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We can use Lemma 14.3 to write the sum of the first two terms as follows:

allzo = Zollfr + 3llyo — Czoll s = 3llw0 — 2G5+ + 3llyo — Cagllg . (14.96)
where

S() =R+ CP()CT, (1497&)

Wy = Py — PC"Sy 'CPy, (14.97b)

338 =g+ PDCTSa(yO — Ci’o) (14970)

Note that Wy = X9 and zf = Zo)o (see Equations (14.13) and (14.14)). Next, we have

Vi(e) = llgo — CogllZr + min {3llao — a5l + o — Axolya p. (14.98)

constant

From Equation (14.87) we have

Vi (z1) = constant + 3 [|z1 — Ai0|0||2§81, (14.99)
where %19 = Ao and

So = Q + AWHAT = %), (14.100)

(compare this with Equation (14.16)). Note that V}* has the same form as V}*, so the same

procedure can be repeated. This will yield the same iterates as in Section 14.2.
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